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ABSTRACT

NJ The extreme point characterization of the (V')-ball of a generalized

finite sequence space by Kortanek and Strojwas was accomplished only for real

scalars and by continuity considerations. We showthat no topology or contin-

uity is needed as in Kortanek-Strojwas and that the characterization extends

to weighted (t')-balls with any ordered scalar field. We show 4 Chebyshev
ball theorem is false since they heve np extreme points. Via generalizing the

LIEP theorem, useful projections of the ball are proved convex hulls of their

-i extreme points.
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THE EXTREME POINT CHARACTERIZATIONS OF SEMI-INFINITE

DUAL NON-ARCHIMEDEAN BALLS

A. Charnes and T. Song
The University of Texas at Austin

1. Introduction

In 1951 Charnes introduced non-Archimedean field extensions into linear

programming as part of his non-Archimedean Simplex method [1] which solved

the degeneracy problem and thereby provided the first rigorous algorithm

for solution of linear programming problems. Together with his LIEP Theorem

and Opposite Sign Theorem it could be used to extend the major theorems of

LP to vector spaces with scalars from any ordered field (e.g. [2] and [3])

without thereby requiring topological considerations as used in separation

theorems for convex sets. Although the LIEP Theorem and Opposite Sign

Theorem were extended to semi-infinite programing duals in [4], Kortanek

and Strojwas in [5] succeeded only in the important case of the real field

and by means of continuity considerations to characterize in a similar fashion

the extreme points of dual constraints sets additionally constrained to

lie in a (non-linear) "(Z')-ball" of the generalized finite sequence space.

In this Daper we show that no topological or continuity considerations

are needed and that the Kortanek-Strojwas characterization holds for the

extension to weighted (Z')-balls with vector entries from any ordered field.

We also prove that the similar theorem for "Chebyshev-balls" is false. In

fact the Chebyshev-balls have no extreme points. Via a generalization of the

LIEP Theorem of semi-infinite programming, we obtain as corollaries character-

ization of useful subsets of the Chebyshev ball as convex hulls of their

extreme points.

.............. ..................... .... . . . ... ... , 5
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First we define the following sets

(1) A A XI F(I): P iXi =Q X >0

(2) A c-- A E F(I) :  Pi Xi= Q X > 0 ' " U
( A

(3) A IX F(I) Pixi = Q ,I< U

(4) Ac A X e F(I) : x pi i = Q , I <ilt U , iE I
1m

where F is any ordered field; Pi s, Q are m-vector from Fm; I is an index

set; .means the summation is over all non-zero components of X. F(l) is theII:\

generalized finite sequence space of vectors on F with III entries, alternately

it is the space of functions from I to F with finitely many non-zero entries.

In the following section, we will show that sets A , A are all the

convex hull of their extreme points and we will also discuss some properties

of their extreme points. The fundamental theorems of this paper are the

LIEP Theorem and OS Theorem:

Theorem 1.1 (Linear Independence with Extreme Points)

Assume A of (1) is non-empty. Then X# 0 is an extreme point of A if

and only if I Pi I ic I I is linearly independent.

Theorem 1.2 (Opposite Sign Theorem)

Assume A is non-empty. Then the set of extreme points of A is non-

empty and A is the convex hull of its extreme points if and only if

SPi I i I has the Opposite Sign Property, (OSP) namely, A E I )

. 0 and D ii 0 imply that some Xr and Xs are of opposite sign.
1r s

4.

%..
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2. The set A

Consider
(5) A" A EA* P x F : * + (i  , X > 0, A* > 01

For any XEA ,let

= U - xi
i

This defines the following mapping:

(P : A -> A"

where P(,) = (X*,X) = (U- Xi ,

- Evidently this mapping is 1-1 and of the first degree in X.

Take X1, X2EA and 0 < 0 < 1. Since

SU- (D 0}I + (l 0)X,))= Gou- D o + (1 6)U- -,
i ii 1

we have

w(0 OXI + (1 - 0)X2) = 0O(X) + (1 - 0(X 2)

Conversely,

(P'(o(X) + 1 - 0 p(X2)) = 9-[WP(OX' + 1 - OX2 )3 = OX' + (I - O)X2

The following Lemmas are true.

Lemma 2.1

A is an extreme point of A if and only if 9O(X) is an extreme point of A".

Lemma 2.2

A is the convex hull of its extreme points if and only if A" is the convex

J' hull of its extreme points.4

Theorem 2.1

If A is non-empty, then A is the convex hull of its extreme points.

C .

. . . .. . . . . . . . . . . . . . . . . . . .
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Proof: Since , ( : i C I has the opposite sign property and A"

because A i , by Theorem 1.2 A" is the convex hull of its extreme points.

In accordance with Lemma 2.2, then A is the convex hull of its extreme

points.
Q.E.D.

Theorem 2.2

Suppose X is an extreme point of A and X 0.

(i) If F ii = U, then {Pi X i > 01 is affinely independent.
i1

(ii) If Ex i < U, then {Pi : Ai > 01 is linearly independent.
11

Proof: Suppose X is an extreme point of A. By Lemma 2.1 O2(X) is an extreme

point of A".

(i) If E.A = U, then X* = U - xi = 0.
i 1

By Theorem 1.1,

I Xi  > 0 is linearly independent,

i.e.,

{Pi i > 01 is affinely independent.

(ii) if Ex < U, then X* - U - Ex > 0.i i

By Theorem 1.1,

.;- P.

0.: xi > 0 is linearly independent.

Hence the setf0 : Ai  > 0 is linearly independent and {Pi X. > 0} is

linearly independent.

Q.E.D.
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3. The set A

Below we will first discuss the more general set Aw as follows:

(6) Aw A {XF (I) : M Pixi = Q I .wiIxi I< U}
a' 1 1

where wi > 0 , for all i E I , is called the"weight' of component i and

-l A max(, i , -Xi).

Lemma 3.1

The function g(p) _- EwiIx i + pail
1

where (i) wi > , ViEI, (ii) {iI :ai  0, orX i  O is finite and

'ai  0 for some i, is a non-negative piecewise linear function of p > 0, which

* takes on all values in F between any two values of g(p) and takes on arbitrarily

large positive values in F.

Proof:

Let

I A {i : A. = 0 , 1

I A0 {i : A. / 0 , 0} = 1

Is A {i : Xi~ > 0}

d  fi : Aiti <0}

Thus I oU oo0. Is U Id is a partition of {i1E : ci / 0 or Xi / 0}.

Then

g(P) : Ewi i.  + paiI
.° 1

w.- wI I I+ P -a (I I + plail)
E1 00 0E sE

"'' -' ' - '- '' .- -- ,- ,- - '. -- - . - . - - ,- . -. -. . . - . . -. - %. .,. -. . .. .. . . - .0 S. . • .
.9' ,. ' ' , ,. . . -. , . . - . . . . . , , . . . . . . . ..
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+ wi(l i Plail) + wi(Plai _ l Xi)
i C Id i EId

p I Xil I X ial P > lxil / lIil

Let 1xi J xi < 2 JX inI

where Ii1,...in  = We designate these ratios as P1 < P2 < " p"n"

Thereby we obtain the following expressions for g(p).

For
P• 0 < P < P :

g(p) = I iy + 1fr jal ~ jal
ooU Is Id oI s d-

For

pk  p < Pk+1

g(P) = a wlxjl - Fj wily~
io . s. k+ ,...,m} {i I .. i k}

IOUls{-f{il""'ik} {ik+1,...,i n}

F:" for k = 1,2,...,n-1.
For

m

g(P) =w~ilyI w~ily + wi Jai I
ooJ Is d s d

Evidently g(p) is linear in each interval Pk < < Pk+1 ([=0,1,... ,n-l)

and P P with increasing coefficient of o as o increases. I.e.,

p..

€* 4 * ** * * %**'-°.. -



7

Stk + SkP ' Ok<P < Pk+l k = 0,..., n-I
g(p)=

tn n n

where so :_ sI : ... : Sn-1 5  s, S Sn  wilail > 0 and

i . i

g(Pk+ ) = tk+1 + Sk+1 Pk+1 tk + Sk Pk+l"

Let r be the least integer for which sr > 0.

Then g(po ) ; g( Pl) . g(pr ) and g(pr )  gr) g(pn), i.e.

g(p ) is the minimum of g(p) for ptO. For any t E F, t -g(pr ) either
rr

g(Pk) -t -5g(pk+l) for some k -r, or else t g(pn). Thus, g(p) = t for

either p = (t + tk)/Sk or else for p = (t - tn)/S n .

Q.E.D.

From this lemma, it is easy to obtain the following theorem.

Theorem 3.1

Suppose Aw has at least two points. If X E A and wili < U, then

X is a convex combination of XI ,X2 Ew with Wiilli = Ii i

Proof:

Suppose V ' C Aw and ' X.

Let a = X - V 0 , g(p) = wi  Xi + pai
i

By Lemma 3.1, there exists p1 > 0, such that go(Pl) = U > ga(0).

Set

. X + pl a .

Since E P Pi ( Xi+ p ci) =

i i i Ii

- P (Xi + P1 (xi - x)) --Q + Q- Q) =Q- ; i- i1

..... * . - ;
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Siand

a..wi i g(p I) = U,

" therefore

\ E Aw

*- Similarly, there exists P2 >0 such that

g-a(P 2 ) : w iXi +P 2  ) t U

NowX=
X + p 2 (-a) p2a  w

ThusP2 X 1 + 1

P1 + P2 1 +  2

Q.E.D.

Consider the following set

(7) Aw +  (X, ) E F(') x F( : Pii + (-Pi ) X +Q X 0+ +
i 1i 1i'

w.x. + + ° U

where w >O, Vi I.

Clearly, (wi) w i I has the opposite sign property.

p.4.-.. Hence, A+  is the convex hull of its extreme points. Furthermore, we have

the following:

;'. Lemma 3.2

" If (X+ , X ,) is an extreme point of A+-  and X. : 0 holds for all i E 1,

then X + - X- is an extreme point of Aw.

,-- . ' .. . . . ..-.. *. o -% .*
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." Proof:

Since X X i  =0 and Xi +-, X i 0

(8) wixi : wi x+ + w Xi  = U
1i i

*Also 2 Pii ]Pi, + (-Pi)xi : Q

', i i i

Thus, X E Aw  if there are X X E Aw such that

2w

x = 0,' + (-Z) x, where 1 > 8 > 0.

If there exists an i such that sgnXio sgn then

0 0 10

'x I lox1 + (1-e) X < e lxil1 + (1-e) xi21

Therefore 1 2
wilxil < o 0 w~ix~il + (1-0) Wix 1:5 U

m".i i i

This is a contradiction to (8), so

sgnX 1 sgn X 2

and

- UilI xi 21 U
i i

For k = 1,2, set

k+ = if x. 0

k= 0 otherwise

xik- x if Xik< 0

0 otherwise

'.

z .: . . . . . .... .. 1 .. j. . . .. ja.a . ,~
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Hence (X ) e(x'1 , X1 ) + (1-e) (X2+ X2)

with (Xk+ Xk-) 1E k=,2

Recalling (X+ , X-) is an extreme point of A+  there must hold

+ 1+ 1 2+ 2-

Thereby 2X= = Q.E.D.

Theorem 3.2

Every A E with wij.Xij = U is a convex combination of extreme
i

points of Aw.

Proof:

Let X+, , c F(l)  such that

"';" )+ X X. > 0
i= i i

0 otherwise

Since A E A with wiIXij =U and X = A+ - X- (X X) E A+-

SneX w w ith w
" i

If (X+,XA) is not an extreme point of A+ - then it is the convex combinationw

of extreme points of Aw i.e.
- -

( +, X-) = ek (X+k A-k)
k

where 0k> 0  6k 1

k

ii. . .Le..:*S-.-'_;-~:~i ~ Z&:,~



Because 0 : ,+ i e x+k 0k 0 these extreme points ( X -k must

k

,:. have the property that
+k . k

By lemma 3.2, they correspond via Xk = }+k _ -k to extreme points of Aw and

. "" " = Ok xk"

k

*Q.E.D.

From theorem 3.1 and 3.2, the following corollary holds.

Corollary: Aw is the convex hull of its extreme points.

Since A is a special case of AW , A is also the convex hull of its extreme

points. Furthermore, we have the following theorem that gives characteristic

properties of the extreme points of A.

Theorem 3.3

If A has at least two points and A E A ,then X is an extreme point of A

if and only if

i)

ii) > 0 U P X A < 0$ is affinely independent.

Proof:

Suppose that X is an extreme point of A. By theorem 3.1 lXI = U.

2 "2 -: 2+ X iX i >  0
Let Xi = X

0 otherwise
" i

=-) -0 otherwise

o'° .--.

S.... ..."
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Thus (E, )EA

where ( ) F(1) x 0+ , 0

4X+ + =x U3

,

It is easy to verify that (X+, X-) must be an extreme point of A+-. By

theorem 1.1, the LIEP theorem,

BP

is linearly independent. In other words,

P X i>O0})U I -Pi i<0

.- is affinely independent.

Suppose that (i), (ii) hold for some X E A. By the same transformation,

"" we have

+ 'E

AA
with (X~ X A~ and X+ X =0 V

By the LIEP theorem also, (X+ , X-) is an extreme point of A+ . Finally,

the lemma 3.2 ensures that X is an extreme point of A.

Q.E.D.

-9 - " °f . l . * .. .. ' U *" 
4
U * . . . * . *.... . .. ",':, 5" ,~~*,aJ . . , . 9 . ? ; ,-. " / ". A.Y L _ %, -, A.'" ' " ' L. . A ." - • . '''''' '""' "' "'" ,' -'-." "' .- " ':''



13

4. The set Ac

If I is an infinite index set, it is interesting to see following results.

Theorem 4.1

If I has an infinite number of elements, then Ac has no extreme point at

all.

Proof: We only need to show that for any AEAc, there exist A', A2 E AC,

x x A such that
1 2

X= iX + *X2

Since {i el : x0 } 0} only has a finite number of elements, we can

select il,..,m+l eI, such that

{i,... i ml h{iEI : A. X 0) = 0

m~m
Because P ...,Pim+ E F there exist l not all zero, such

that

m+1

k"1 Pik k = 0. k=1

*" Let
S= min {U/Ictkl : k  0}

A Ai if . 0

ei =  6ck if i = k  k = l,...,m+l

10 otherwise.

if A. f 0

X) if i= ik k =

0 otherwise.

t I; ", '' '" ; ' - ,,. . " " ." .' " - ' '- " "" ' ' - . . . ," " "
"

". "- . '
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It is easy to verify that

X1 1, X2E Ac

Clearly A2 # A2 and

= X + X2

Q.E.D.

The basis for this contrast with the "(k)" results is that the latter

involves only a finite number of additional constraints, whereas the Chebychev

bounds involve the whole infinite cardinality of bounds corresponding to the

totality of coordinates. However, every point in Ac has only a finite number

of non-zero coordinates. And, for the projection of Ac onto the finite-

dimensional subspace corresponding to these, we do have extreme point theorems

of similar nature to the () ball results as we now show.

We will now develop a generalization of the semi-infinite LIEP Theorem

which perhaps shows why Ac has no extreme points at all. Actually Theorem 4.1

can be regarded as a corollary of the following Theorem 4.2.

Define the set

(9) A' A {X6F (1 ) : Pi = Q , Zi 5 Xi -uS Vi}

where 5i _ u.

" Note that since AIEF( I) A' unless 9.50 , ViEI.

Theorem 4.2

A CA' f € is an extreme point of A' if and only if {Pi :i < Xi < ui}

is linearly independent.

Proof: "if": Suppose {Pi : ~ < X i < ui} is linearly independent and

(10) X= OA + (1 - 6)X2

where 0 < 0 < I X1, X EA'.

, .
- *~~
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Let
%'p l =it Ii El }I : i

I A icl I  ui }

SIo. {iE I : <  < u
ocr-I

Clearly, from (10), we have
A.

j EI >,X1 = =i

m , i { l --- , = > 2 = u

Thus,

E P.X . Q k P u. P X! P =

i I00 iEI i Iu  i 100  i EIo0  o

But since {Pi : EIo } is linearly independent, the representation is unique.

Hence

i.e., X = A1 = ,2  and X is an extreme point.

"only if": Suppose {Pi : iECI}00  is linearly dependent, i.e.,

: 00iP ctIoo

with not all , zero.

Take E > 0 small enough so that

". < X. + .i < ui Vi E I0

Let

Xi i +  , i 100
= ' , otherwise
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t...~... Iq•~j ~O

".-2"2x2 A Ii i I l0

..." fi ,otherwise

Evidently, X1, X 2 E A' X1 t X2 and

X = X1 + JX2

Q.E.D.
C C.

Since Ac is a special case of A' with u. = U ' Zi = -U, and A' is in

a generalized finite sequence space,

I = {iEI : -U < A <LU} D {i XI A. 0}

00 1 o

has an infinite number of elements. Thus {P i E i } must be linearly

dependent for any x4EA c . By Theorem 4.2, there is no extreme point in Ac

However if all £ 0 =0, A' is the convex hull of its extreme points and

we have the following Theorem 4.3.

First for simpler discourse, we shall call

I0 = {iEl 0 < X < ui}

the "active index set" from now on.

Theorem 4.3: A' is the convex hull of its extreme points, if all Xi = 0.

Proof: Take any XEA'. If X is not an extreme point of A', by Theorem 4.2,

" -3 f{Pi : iI l0 } is linearly dependent. Thus, there exist i EIoo not all

*zero such that

' ". Pii =O0
..... i E Ioo

Let

1' = {iI : ci > 0
0 00 1

I = { 00 : i < 0}00Io 00o 1

.. ,_. , ....., . .. , ... .-., .... -., . .- .-.. - . . .. . . . .. . , . .. .. . . . .. .. . . ' ., , > , , ..,
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11"p, = min II+  EI

' A . ; .i - ;iu X
" l + -.

P2 = min - , ic I + ,i
01 00I°1

Because I+ U I C ¢ ,pi and P2 are well defined. Now let
00 00

+ U

100 00
+

;i a Al> i "Pla i E ~ oI o
S00 00

Xi-P21t1j i IEI U I

1 iotherwise

It is easy to see that

AP, 2 A' , X1 X 2

X = P2 X1 + P2 X

P1 + P2 Pi + P2

and the active index set of X k (k = 1,2) has at least one less element than

the active index set of X. If A1 and A2 are both extreme points of A', we

are done. Otherwise using the same method, we can present A k as a convex

combination of two other points of A' which have at least one less element

of the active index set than the Xk,s. Therefore in at most 2n steps (where

n is the number of elements of I ) we can get A as a convex combination of

extreme points of A'.

Q.E.D.

. .. , .*~ .. **. "" - ". S" " ,'. "- - .. ., ' " ' -", -- ." ' --
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